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Abstract
Physiological pulsatile flow in a 3D model of arterial dou-
ble stenosis, using the modified Power-law blood viscosity
model, is investigated by applying Large Eddy Simulation
(LES) technique. The computational domain has been
chosen is a simple channel with biological type stenoses.
The physiological pulsation is generated at the inlet of the
model using the first four harmonics of the Fourier series
of the physiological pressure pulse. In LES, a top-hat spa-
tial grid-filter is applied to the Navier-Stokes equations
of motion to separate the large scale flows from the sub-
grid scale (SGS). The large scale flows are then resolved
fully while the unresolved SGS motions are modelled using
the localized dynamic model. The flow Reynolds numbers
which are typical of those found in human large artery are
chosen in the present work. Transitions to turbulent of the
pulsatile non-Newtonian along with Newtonian flow in the
post stenosis are examined through the mean velocity, wall
shear stress, mean streamlines as well as turbulent kinetic
energy and explained physically along with the relevant
medical concerns.
Keywords:Stenosed channel, LES, Physiological non-
Newtonian flow, Turbulent flow
1 Introduction
The term arterial stenosis refers the narrowing of an artery
where the cross-sectional area of blood vessel reduces.
Blood is a non-Newtonian incompressible viscoelastic fluid
(Fung [1],pp.53). At shear rates above about 100 s−1,
blood viscosity tends towards an asymptotic value, μ∞,
but if the shear rates fall below that level, the viscosity
increases and non-Newtonian properties of blood being ex-
hibited by blood (Berger and Jou [2]), especially when the
shear rates drop below 10 s−1 (Huang et al . [3]). In the
previous chapters, the investigation has been done for as-
suming that blood is a Newtonian fluid with constant vis-
cosity but it also be examined that the global maximum
shear rate occurred below the range of non-Newtonian
shear rate during some periods in a time cycle.
There are very few studies related to double or multi-
ple arterial stenoses in the literature. One experimental
investigation was done by Talukder et al . [4] to study the
effects of multiple stenoses on the pressure drop for var-
ious Reynolds number ranging from 30 to 280. They re-
ported that the intensity of pressure drop increases owing
to the presence of multiple stenoses. A numerical study
of steady laminar flow through a tube with multiple con-
strictions was done by Damodaran et al . [5] for Reynolds
number between 50 and 250. They also reported a signif-
icant change in pressure drop and wall shear stress due to
the effects of multiple constrictions.
The computational studies of non-Newtonian blood flow
with arterial stenosis are very limited, such as, Tu et al .
[6], Buchanan et al . [7], Neofytou and Drikakis [8], Hron
et al . [9], Nag and Datta [10] used different blood viscos-
ity model and Valencia and Villanueva [11] used Carreau
model. All the above studies are conducted only for lam-
inar flow.
Very recently, Molla et al . [12] have investigated the
simple sinusoidal pulsatile flow in a planer channel with
a cosine shape single stenosis for maximum Re = 2000
using the LES technique. Using the first harmonic of the
Fourier series of the pressure pulse, a Large-eddy simula-
tion of the physiological pulsatile flow in a single stenosis
is performed by Molla et al . [13].
From the above two studies by Molla et al . it is clear
that due to the arterial stenosis the flow becomes turbulent
at the post stenotic region. However, if there are double
stenoses present in a diseased artery, the transient flow
physics and the severity of the turbulence downstream of
both the stenoses, especially at the second stenosis, are
not known.
So, it would be quite reasonable to account in the com-
putation as blood is a non-Newtonian fluid for getting
more accurate insight of the transition to turbulent post
stenotic flow phenomena. In this paper, Large Eddy Sim-
ulation is performed to study the physiological pulsatile
transition to turbulent non-Newtonian flow through dou-
ble stenoses using the modified Power-law viscosity model
while Re = 2000.
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Figure 1: A schematic of the model with coordinate sys-
tem.
2 Formulation of the Problem
The geometry shown in Fig. 1 consists of a 3D channel
with two cosine shape stenoses formed on the upper wall.
The first stenosis is centred at y/L = 0.0 while the second
stenosis at y/L = 3.0 with a 50% cross-sectional area re-
duction at the centre of both the stenoses. Here y is the
horizontal distance or the distance along the flow and L
is the height of the channel. In the model the height (x)
and its width (z) are kept the same. The length of each of
the stenosis is equal to twice the channel height. In Fig. 2,
the inlet velocity profile is presented for one pulsation for
Re = 2000 and the Womersley number ω0 = 10.5, note
that the velocity in frame (a) is recorded at very close to
the bottom wall. No slip boundary conditions are used
for both the lower and upper walls of the model, and at
the outlet a convective boundary condition is used. For
the spanwise boundaries, periodic boundary conditions are
applied for modelling the spanwise homogeneous flow.
2.1 Governing equations for LES
The filtered Navier-Stokes equations of motion for the non-
Newtonian fluid flow may be written as
∂u¯i
∂xi
= 0, (1)
∂ρu¯i
∂t
+
∂ρu¯iu¯j
∂xj
= − ∂p¯
∂xi
+
∂
∂xj
[
μ(|γ˙|)
(
∂u¯i
∂xj
+
∂u¯j
∂xi
)]
− ∂τij
∂xj
. (2)
Here μ(|γ˙|) is the blood viscosity which depends on the
shear rate, γ˙ij = 12
(
∂u¯i
∂xj
+ ∂u¯j∂xi
)
, and the magnitude of
the shear rate is defined as |γ˙| = √2γ˙ij ˙γji (Tu and
Delville [6], Barth et al . [14], and Miranda et al . [15]).
In the Newtonian model, μ(|γ˙|) tends to a constant value
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Figure 2: Streamwise velocity at the inlet for Re = 2000
and ω0 = 10.5.
for the blood viscosity which is denoted by μ∞. But for the
non-Newtonian models the relations between the viscosity
and shear rate are presented in the section below. The
subgrid-scale term is modelled using the Piomelli-Liu [16]
localized dynamic model.
2.2 Overview of the numerical procedures
The governing filtered equations (1-2) in Cartesian coordi-
nates are transformed into curvilinear coordinates system
and the finite volume approaches are used to discretise the
partial differential equations to yield a system of linear al-
gebraic equations. To discretise the spatial derivatives in
eqns. (1-2), the standard second order accurate central dif-
ference scheme is used, except for the convective terms in
the momentum equations (2) for which an energy conserv-
ing discretisation scheme is used.
A pressure correction algorithm is applied to couple
pressure with the velocity components where the results
are stored at the centre of a control volume according to
the collocated grid arrangement. The Poisson like pres-
sure correction equation is discretised by using the Rhie
and Chow [17] pressure smoothing approach, which pre-
vents the even-odd node uncoupling in the pressure and
velocity fields. A BI-CGSTAB [18] solver is used for solv-
ing the matrix of velocity vectors, while for the Poisson
like pressure correction equation a ICCG [19] solver is
applied due to its symmetric and positive definite nature.
3 Results and Discussion
Figs. 3 and 4 show the grid independence test in terms
of the mean streamwise velocity, < v¯ > /V¯ (where barV
is the bulk velocity) , and the turbulent kinetic energy
(TKE), 12 < u
′′
j u
′′
j > /V¯
2, at the different streamwise axial
positions, while Re = 2000. Three different grid arrange-
ments used in the test are Case 1: 50 × 300 × 50, Case
2: 50× 350× 50 and Case 3: 70× 350× 50.
The mean streamwise velocity at the inlet of the chan-
nel (Fig. 3a) where the flow is laminar, and at the centre
of the stenosis (Fig. 3b) from where the flow is going to
be transitional is exactly the same for the different grid
arrangements. However, the velocity slightly deviated at
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Figure 3: Grid independence test for the mean streamwise
velocity, < v¯ > /V¯ , at (a) y/L = inlet, (b) y/L = 0.0, (c)
y/L = 1.0, (d) y/L = 2.0, (e) y/L = 3.0, (f) y/L = 4.0, (g)
y/L = 5.0, (h) y/L = 6.0, (i) y/L = 8.0, (j) y/L = 10.0,
(k) y/L = 12.0 and (l) y/L = outlet
the position of post lip of the first stenosis (frames c and
d) where the permanent re-circulation region takes place.
The velocity decreases slightly at y/L = 2.0, but due to
the presence of the second stenosis velocity increases at
the centre and post-lip of the second stenosis. The neg-
ative velocity seen in frame (f), indicates the presence of
another re-circulation region at the post-lip of the second
stenosis. After the second stenosis, the agreement of the
velocity for the different grid arrangements is excellent.
The turbulent kinetic energy in Fig. 4 shows some varia-
tions after the stenoses, which are acceptable. Total grid
independence of the computed turbulent random fluctua-
tions is not expected in LES and it is adequate to prove
in LES that the primary flow features (mean velocities)
do not vary significantly with the grid. Moreover, this
dependence is apparent until the grid resolution becomes
fine enough that the LES starts to qualify as DNS. So, the
grid arrangement of 50×300×50 seems fine to resolve the
transient flow adequately in the double stenosis. In frames
(a-b), the turbulent kinetic energy (TKE) is almost zero as
the flow is laminar upstream of the first stenosis. However,
the effects of the second stenosis are clearly seen in frames
(d-h). In the one-stenosis case, the maximum rise in TKE
was observed in the post-lip region, i.e. at y/L = 1.0 whch
is shown in Molla et al . [12] , but in the double stenoses
case it is seen that there is a sharp rise of TKE upstream
and immediate downstream of the second stenosis. Fi-
nally, the TKE gradually decreases and approaches zero in
further downstream because of the re-laminarisation pro-
cess, also seen at the one-stenosis model.
The mean streamlines are presented in Fig. 5(a-b)
for the Newtonian and non-Newtonian fluid respectively.
From these figures it is clearly seen that there are two per-
manent recirculation regions: the one lies near the upper
wall between the first and second stenoses, while the sec-
ond re-circulation region lies at the post-lip of the second
stenosis. For the non-Newtonian fluid the form of the first
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Figure 5: Mean streamlines for (a) Newtonian and (b)
non-Newtonian
re-circulation region is different from the Newtonian fluid.
From these figures, it can be concluded that the length of
re-circulation region enlarged for the non-Newtonian fluid
which is an alarming condition to the pathological point
of view. Since re-circulation region is that region where
blood is re-circulated for a long time or blood is stagnant
in this region which causes the blood clot or thrombosis.
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Figure 6: Instantaneous upper wall shear stress for the
Newtonian and non-Newtonian fluids at t/T = 10.25.
The instantaneous shear stress, τxy/ρV¯ 2, distributions
are plotted in the Fig. 6 at the upper wall . At the upper
wall the stress drop at the centre of the both stenoses is
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lower in the case of non-Newtonian model than the New-
tonian model but the intensity of the turbulnet wall shear
stress is higher at the post-stenotic region. In the non-
Newtonian case the high wall shear stress is more danger-
ous for damaging the inner side of the blood vassel as well
as to damage the red blood cells.
Fig 7 represents the Reynolds stress, < u′′v′′ > /V¯ 2,
at the central line, for the Newtonian and non-Newtonian
fluids. From this plot, it is clearly seen that the Reynolds
stress is higher for the second stenosis than the first steno-
sis. The intensity of the Reynolds stress is slightly larger
for the non-Newtonian fluid. At the far downstream re-
gion the magnitude of the < u′′v′′ > /V¯ 2 is almost zero
which is expected as an laminarization process.
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Figure 7: Reynolds stress, < u′′v′′ > /V¯ 2, for the Newto-
nian and non-Newtonian fluids.
The energy spectra, Ev′′v′′ = E(f)V¯ /L, for the stream-
wise velocity fluctuations, (v′′/V¯ )2, are presented in Fig. 8
around the recirculation regions (at the six different axial
positions in the post stenosis region). Fig. 8 shows the
normalized turbulent energy spectra, Eu′′u′′ = E(f)V¯ /L,
for the centreline v-velocity fluctuations, (v′′/V¯ )2, against
the Strouhal number Sr = fL/V¯ of the vortex shedding
frequency f , where the frequency spectra, E(f), has been
computed by using the Fast Fourier Transform (FFT)
scheme. The straight lines corresponding to Sr−5/3 and
Sr−10/3 are included in all the frames. In addition, only
in frame (a) the Sr−7/1 line is included to show a fur-
ther break of frequency from −10/3 to −7/1. The energy
spectra presented in this figure show the three important
sub range regions which match up closely with those of
Tennekes and Lumley [20]. According to Tennekes and
Lumley [20] three regions usually present in the power
spectra: one of which is the large subrange containing the
energies of the injected flow in very small frequency re-
gion; the second one is the inertial subrange where the
eddy structure is independent of viscosity and the spec-
trum slope is of −5/3, which is also called the broadband
frequency region; and the rest of part is the viscous dissi-
pation subrange for the large frequencies. The two stages
of decay in the slope of the turbulent flow spectra such
as the inertial sub range of slope −5/3 and the sub range
of −10/3 agree quite well with the experimental results of
Gross et al. [21] and Lu et al . [22]. However, the region
of the power spectra with the slope of −7/1 in the viscous
dissipation range, which is found very small in our results
and that is why it is included only in frame (a).
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Figure 8: Energy spectrum of the streamwise velocity fluc-
tuations v′′ at (a) y/L = 1.0, (b) y/L = 2.0, (c) y/L = 3.0,
(d) y/L = 4.0, (e) y/L = 5.0 and (f) y/L = 6.0.
4 Conclusion
Large Eddy Simulation with a localized dynamic sub-grid
model has been applied to study the physiological pulsatile
non-Newtonian flow through a channel with double con-
striction to get the better insight of the blood flow through
the mutiple stenosed artery. In the model, the stenoses
were placed eccentrically at the upper wall of the channel,
which reduces the cross-sectional area of the channel of
50% for the both stenosis. The results obtained by the
LES have been compared with the different grid arrange-
ments interms of the mean velocity and turbulent kinetic
energy and the agreement we found is quite satisfactory.
For the non-Newtonian fluid the lenght of the second
re-circulation extened than the Newtonian fluid which is
pathologically dangerous in which blood may stagnate and
causing blood clot. The turbulent kinetic energy is found
high in the downstream of the stenosis because of the
highly oscillating nature of the transient flow and the shear
stresses in that region. As reported, the level of this tur-
bulence has an impact in causing damage to the materials
of blood cells and activate the blood platelets and, conse-
quently, these could create many pathological diseases.
The turbulent Reynolds stress is higher for the second
stenosis and which is larger for the non-Newtonian fluid.
It also be noticed that the break frequency of the energy
spectra from −5/3 to −10/3 for the velocity fluctuations
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are clearly observed in the immediate downstream region.
Although a simple model is considered here, we believe
that the results presented in the paper would give a better
insight and in-depth knowledge to understand the impor-
tant fluid dynamics roles of atherosclerosis. Future exten-
sion of this work is to consider a more biological realistic
domain, e.g. circular domain, and investigate the turbu-
lent flow coupling the fluid with structure.
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